The thermodynamics of a lattice regularized asymmetric Anderson impurity in a correlated host is obtained by an exact solution. The crossover from the Anderson-to the Kondo-regime is studied, thus making contact with predictions by scaling theory. On the basis of the exact solution, the transition to universal Kondo behavior is shown to be realized by a graduate separation of the energy scales of spin and charge excitations.
Introduction
Homogeneous correlated one-dimensional electron systems have been studied intensively in recent years and exact results have been obtained by as different techniques as bosonization [1, 2, 14] , conformal field theory (CFT) [11] , and the algebraic Bethe Ansatz (ABA) [24] . Whereas bosonization and CFT deal with the ground state and low-temperature properties of the continuum models, the Quantum Transfer Matrix (QTM) technique has been developed [22] for the calculation of the thermodynamics of lattice models. The QTM combines the Bethe Ansatz solution with the quantum inverse scattering method and a Trotter-Suzuki mapping of the partition function on a classical two-dimensional lattice. In this approach, the free energy of the model is encoded in a set of finitely many non-linear integral equations (NLIE). All these methods have been applied for example to the general spin-1/2 Heisenberg chain [22] , the tJ-model [19] and the Hubbard model [21, 23] . At low temperatures, i.e. in the conformal limit, the different methods yield identical results.
The equivalence of continuum and lattice methods is much less investigated in the case of inhomogeneous systems, where a localized impurity interacts with the host by s-wave scattering, so that the model is reduced to one dimension. First, the Kondo and the Anderson models have been solved exactly by the coordinate Bethe Ansatz [30] , in this case starting directly from the continuum model, i.e., a point-like impurity coupled to a free host. This approach has been extended to calculate thermodynamic properties by applying the Thermodynamic Bethe Ansatz (TBA), which yields the free energy in terms of infinitely many coupled NLIE. In the case of the spin-1/2 single channel Kondo model, the presence of a stable infrared fixed point is the starting point for CFT-calculations [1, 2] . These confirm results of the Bethe-Ansatz solution and go beyond.
Later, several schemes of including an impurity in the correlated host on a lattice accessible by the QISM have been found [5, 6, 8] . However, the connection between the continuum and the lattice models in the conformal limit with a generic Kondo-like interaction has not been established until very recently [9] . In [9] , a lattice regularized asymmetric Anderson impurity in a correlated host has been obtained from QISM, and the free energy has been calculated exactly by the QTM-method. As a special case, the Kondo limit has been performed explicitly, yielding a conformally invariant bulk of free fermions interacting with a magnetic impurity through spin exchange. The results in the Kondo limit are identical with and extend those from the BA-solution, but they are derived from a finite number of NLIE.
Here, we study the properties of the model proposed in [9] in the interesting regime of crossover from Anderson-to Kondo-like properties. The model consists of a three-state impurity permitting single and zero occupation in a correlated fermionic host. The impurity interacts with its nearest host neighbor lattice sites by charge fluctuation and spin exchange. By employing the Poor Man's scaling approach proposed by Anderson [4] in the framework of the Kondo model and applied subsequently to the generic asymmetric Anderson model [17, 18] , three different regimes at low temperatures are qualitatively distinguished, namely the mixed valence regime (MV), the strong coupling regime (SC) and the local moment regime (LM). This qualitative description is confirmed quantitatively on the basis of the exact solution. Especially, the universal strong coupling limit is attained by energetically decoupling charge and spin excitations.
The key ingredient of our approach is the one-parametric family of four-dimensional irreps of gl(2|1), from which a gl(2|1)-symmetric transfer matrix is constructed, yielding the impurity model in the Hamiltonian limit. We use different representations labeled by different interaction parameters in the host and impurity spaces. The motivations to consider gl(2|1) are twofold: On one hand, the limit of free fermions is contained as a special case and is given by algebraic functions (rather than by trigonometric functions like in the XXZ model). On the other hand, su(2) is one of the even subalgebras of gl(2|1), and one expects that gl(2|1) symmetry can be reduced to su(2) symmetry in a certain limit of the parameters. This is indeed true for special parameter choices and constitutes the Kondo limit.
This article is organized as follows. In the next section the model is defined, including a qualitative analysis in the Poor Man's scaling approach. The third section contains the quantitative study of the different regimes on the basis of the exact solution. The results are summarized in a phase diagram. The fourth section focuses on the Luttinger-liquid behavior of the host. In the last section, conclusions are drawn.
Definition of the model and qualitative analysis
The Hamiltonian is defined as the logarithmic derivative of an inhomogeneous transfer matrix given in appendix A. It is the sum of the host and impurity contributions [9] ,
The limit α → 0 yields the tJ-model, which can be seen by a canonical transformation [7] . In (1), the impurity contribution is projected onto non-doubly occupied states by the projection operator P. The energy of the non-occupied impurity state in (3) is E 0 = −4Dα 2 /(4u 2 0 + α 2 ). In the limit α ≫ 1, the coupling constants are given by
iu 0 e −ik − 1 + e −ik + 1 (4)
Additionally to [9] , where we focussed on the most important terms even in u 0 , the leading terms uneven in u 0 are included here. The model (1) describes an asymmetric Anderson model in a correlated host, where the doublyoccupied impurity state is dynamically decoupled and energetically suppressed. Interactions are tuned by α, u 0 , the bandwidth D and the chemical potential µ. The homogeneous system, which consists of H h alone, was studied in [20, 27] . To obtain a qualitative understanding of the model, note that for the impurity model with u 0 = 0, the thermodynamic quantities depend only on T /D for fixed µ/D. The meaning of different choices of D/µ for the finite-temperature behavior is revealed by studying the scaling properties following the Poor Man's approach, [4, 17, 18] . It consists of investigating the leading renormalization of the coupling constants by the reduction of D to D − |δD| =: D (ef f ) , integrating out states with energies |ǫ| > D (ef f ) . This renormalization procedure is done in the limit T ≪ D, at sufficiently low temperatures compared to the bandwidth. The resonance width ∆(ω) is defined by
where ǫ k = 2D(cos k − 1) + µ is the bare one-particle dispersion relation of the host, eq. (2), and n k is the occupation of the energy level ǫ k . The resonance width has a maximum at the Fermi level, ∆ 0 ≡ ∆, and decays to zero at the band edges. Let us consider the scaling properties of ∆, and the energy difference between single and non-occupation,
By performing a canonical transformation, the hybridization terms in (3) are eliminated to leading order, see [9] for details. Let us first concentrate on the relations between δD and δε d , δ∆ (constant prefactors are omitted):
From the last equation, ∆ remains unrenormalized in the limit D → ∞. The first equation can then be integrated to give ε
to D (ef f ) , one distinguishes between three cases:
The first two cases are realized by µ sufficiently large to ensure a finite filling of the band but µ < µ c , where the critical potential is calculated below from the exact solution as µ c = 4D(α + 1)/α. In the MV case, both µ and D are finite, so that ε
is situated in the band or near the band edges with the impurity orbital retaining its triplet degeneracy. The signature in the susceptibility is a crossover from T χ(T ) = 1/6 at temperatures T > ∆ to the Fermi liquid property χ(T = 0) =const., with a non-universal constant value. It originates in a non-integral impurity occupation number at low temperatures; that is why this case is referred to as the "mixed valence" (MV) regime.
The conditions of the second case are met for µ < µ c in the limit µ → ∞ at fixed µ/D. Single occupation of the impurity is enforced and ε (ef f ) d moves outside the band upon scaling, so that only virtual charge fluctuations between the impurity and the host occur. This crossover takes place at an effective bandwidth D * given by
The exact solution presented below shows that D * decreases with decreasing D/µ. Since here, we are dealing with temperatures T ≪ D, where D is the initial bandwidth, one can neglect the momentum dependence of J k,p and take the momenta at the Fermi points
J. Now the Poor Man's approach is applied to the spin exchange terms (5), which again can be done by a canonical transformation eliminating these terms to the leading order. This results in
from which a new scaling invariant
is deduced, where J is given by (5). In the limit |u 0 | ≫ 1, the sign of the spin exchange depends on both the sign of k F and u 0 . For u 0 < 0, spin-exchange is antiferromagnetic at the right Fermi point k F > 0 and vice versa. From (7) it follows that antiferromagnetic exchange dominates over the ferromagnetic term in the scaling procedure, so that from (5), the antiferromagnetic exchange constant is given by
The susceptibility is expected to show a crossover from T χ(T ) = 1/6 to 1/6 < T χ(T ) < 1/4, ending at χ(0) = 1/(2πT K ), which is the universal value in the strong coupling (SC) regime [31] . A further reduction of the initial bandwidth D, or an increase of the chemical potential at fixed D such that µ > µ c moves D * → 0 and drives the system into the third case. Then at low temperatures, the chemical potential lies outside the band. No interactions between the impurity and the host are possible, so T χ(T ) changes from 1/6 to 1/4 from high to low temperatures. This is the local moment (LM) regime.
Summarizing the results from scaling arguments, one finds that u 0 plays a crucial role in the crossover to the strong-coupling limit and is determined by the renormalization of the antiferromagnetic spin-coupling constant J. The additional u 0 -dependence of ∆, see (4) , is neglected in the Poor Man's scaling; however, it has to be included in order to render the model integrable.
Let us briefly compare our model with the generic asymmetric Anderson model [3] ,
where U ≫ |ε d |, ∆ such that double occupation of the impurity site is excluded. Contrary to (9), the model (1) does not include backscattering [26] ; it contains a bare spin-exchange term, which is generated in (9) by a canonical transformation [29] in the limit U/∆ ≫ 1. These modifications of (9) are necessary in order to make our model integrable on a lattice, but do not alter the physics:
The model (9) also exhibits the three regimes discussed above in the appropriate asymmetric limit U ≫ ε d , ∆ [17] , with the further possibility to tune ε d in (9) such that the impurity is completely depleted at low temperatures. With respect to the three regimes discussed in this work, (1) and (9) are equivalent.
Exact solution
The rather qualitative picture of the preceding section is made more precise by the exact solution yielding the free energy of the host per lattice site f h and the impurity f i in terms of suitably chosen
where the integration kernels and driving term
With the solution of (10)- (12) one obtains
In this section we discuss the three regimes distinguished above. The NLIE are therefore solved analytically near complete filling at zero temperature and numerically for arbitrary parameters. At low temperatures the driving term of ln c, eq. (12), gets arbitrarily large and determines the location of zeroes of ln c. It is convenient to define the quantitiesμ, µ c bȳ
It is shown below that: i) No zeroes of ln c occur for µ > µ c . This case corresponds to complete filling of the band, where the impurity is in the LM regime.
ii) ln c acquires two zeroes ± ln Λ c for µ < µ c . For finite
|u 0 | Λ c , the MV regime is realized. From (16) , justified rigorously in section 3.3 and the D-dependence of Λ c calculated below (17) , one identifies ε
defined in the previous section), the crossover to the SC regime takes place. This regime is completely realized in the limit µ → ∞ at fixed µ/D.
LM regime
Forμ < 0 at low temperatures, ln C ≡ ln c. Then the eqs. (10), (11) are trivially solved by ln b = βh = − ln b, such that the free energy (14) is essentially that of an uncoupled local moment. Thus χ i (T → 0) = 1/(4T ) diverges at lowest temperatures. At high temperatures, ln b, ln b, ln c approach their asymptotic values [9] , such that the susceptibility reaches the value χ(T → ∞) = 1/(6T ). The crossover between these two extremes is shown in fig. (1) with the values D = 1, 30 at µ = 300.
MV regime
To gain analytical insight at T = 0, scaled auxiliary functions and their zeroes are defined:
Since in the low-temperature limit ln b → −∞ at finite h, the function ln B vanishes. Following [10] , one can apply Wiener-Hopf-techniques to the linearized NLIE (appendix B) at low temperatures for |μ, h| ≪ 1. Performing analogous calculations as in [10] , one can show that:
Here a := h 2 2γ 2 and we defined a quantity γ whose meaning will become clear later. The above expressions are valid for smallμ(> 0) and h, i.e. near complete filling and small magnetization. Note that Λ 2 c is not defined forμ < 0, and neither is γ.
Inserting the above results into the expression for the free energy (14), (15) one obtains:
At constantμ, the impurity occupation and susceptibility are tuned by the parameter u 0 : For finite u 0 , the impurity site is not fully occupied, and neither is the host sinceμ > 0. The susceptibilities are expressed by the deviation from complete occupation, which justifies the term "mixed valence". For u 0 → ∞, single occupation on the impurity is enforced, whereas the host is away from complete filling. Especially, for u 0 = (ln D)/π, the impurity susceptibility is independent of D. It is shown below that this choice of u 0 leads to the Kondo regime for all temperatures. The high temperature asymptotics are χ i (T → ∞) = 1/(6T ) and χ h (T → ∞) = 1/(8T ), corresponding to three and four available states, respectively.
The crossover of χ i (T ) from low to high temperatures at arbitrary values ofμ is shown in figs. 1 and 2.
SC regime
By increasing µ, D at fixed µ/D and with u 0 = (ln D)/π, the crossover from the MV to the SC regime is performed. In terms of the zeroes ±Λ c of ln c, this is the case when Λ c ≪ (ln D)/π. Then by substituting v = −x + (ln D)/π, the convolution in the driving terms in (10) , (11) is approximated by
where
The formula for T K in [9] is an approximation of (25) . From (25) , it follows that T K is a monotonous function of D/µ. By choosing πu 0 = ∓ ln D in (13) , one arrives at the equations yielding the free energy of a Kondo impurity,
and B = B * | h→−h . Thus, the functions B, B are decoupled from C. This decoupling rests on (24), which is valid for [ln c ′ ] (±Λ F ) ≫ 1 and Λ F ≪ (ln D)/π = u 0 at fixed µ/D. The constant T K which appears in (27) is the scaling invariant expected from Poor Man's scaling in the Kondo regime. This becomes evident by writing
where from (25) , κ ∝ D/T . The freedom in the choice of the sign of u 0 corresponds to the appearance of antiferromagnetic exchange with the right or left movers in (3), (5), following the sign of u 0 . By comparing (25) with (19) , one sees that γ = DT K . If D, µ ≫ 1 but still finite, from the NLIE an approximate expression for ln C is obtained,
where φ c is defined in (45) in appendix A and B (∞) = 1+exp(βµ+βh/2), B (∞) = 1+exp(βµ−βh/2).
Then from (48) in appendix A,
which is the free energy of an effectively free impurity with a certain density of states, each state permitting no and single occupation. The approach to the Kondo susceptibility is depicted in fig. 2 for constant D/µ = 2/5. Apart from the susceptibility, it is instructive to consider the specific heat at constant µ, shown in fig. 3 . The approach of the Kondo limit reveals two different scaling regimes. In a first step, for u 0 < Λ c , spin and charge excitations are not decoupled, but occur on the same energy scale. This is shown by the single peak in fig. 3 for low enough D. With increasing D, the shift u 0 increases; once u 0 > Λ c , the charge excitations are scaled to higher and higher energies ∼ D, whereas the new universal scale T K (only dependent on the ratio D/µ) appears as characteristic scale for the spin excitations. For u 0 ≫ Λ c , spin-and charge excitations are energetically well separated as described by (27) , (30) .
Phase diagram
The results of the previous sections 3.1-3.3 are summarized in figure 5 . For low temperatures, the three different impurity regimes are sketched in the µ − D-plane with u 0 = ln D/π. The LM-regime is distinguished from the other two by the straight line µ = µ c ; for µ c , see (15) . The SC-and MV-regimes are separated by the condition |u 0 | = ln Λ c . From (17) ,
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Eq. (32) shows that the SC-regime can always be obtained for µ < µ c , µ/D fixed in the limit D → ∞. Also shown in the phase diagram 5 are the regions illustrated by figures 1-4.
The SC regime can only be realized for the impurity. As far as the host is concerned, the choices µ > mu c (µ < µ c ) lead to a completely (not completely) filled band. In the second case, the host behaves as a Luttinger liquid at low temperatures, cf. appendix B.
Luttinger-liquid-behaviour of the host
Since u 0 = 0 in the host, the only temperature scale is the bandwidth D, and all thermodynamic functions depend only on T /D at constant D/µ. In the LM-regime of the impurity, the band is completely filled, allowing for no excitations of the host. Away from complete filling, the host shows Luttinger-liquid-behavior for βD ≫ 1, as shown in appendix B,
with distinct spin-and charge velocities v s and v c . This corresponds to a linearized energy-momentum dispersion in (2), the host interactions still being finite. In the Kondo limit, i.e. D → ∞ at constant D/µ, the Luttinger-liquid regime of the host is valid for all temperatures, including, as a special case, the free fermion limit at α → ∞. Thus the model presented here exhibits Kondo-like behavior even in the presence of an interacting bulk. In [12, 13] arguments of CFT have been presented in order to decide whether generic singlechannel Kondo-like behavior is possible in an interacting host or not. The answer to this was found to depend on the host's properties. Further studies of our model with techniques of conformal field theory are expected to yield additional criteria to answer that question.
Conclusion
We have studied an asymmetric Anderson model in which a three-state impurity permits charge and spin exchange with an interacting bulk on a lattice. For this model, we distinguished a mixed valence, a strong coupling and a local moment regime with the help of scaling arguments. This distinction was made quantitative by the exact calculation of the free energy contribution of both the impurity and of the host. On the basis of the exact solution, the three different regimes have been studied both analytically and numerically. Analytically, a new universal energy scale for excitations was deduced. Its gradual emergence was illustrated by numerical calulations. The numerical solution illustrated the emergence of a new energy scale, namely the Kondo temperature T K , in the strong coupling limit.
In the Kondo limit, this scale is separated by an increasingly large energy from the temperature on which charge fluctuations are excited. Our model can be generalized to a four-state impurity, which also permits double occupation. The derivation of the Hamiltonian and its analysis, especially the comparison with the finite-U Anderson model, are projects for future work.
A Appendix A
In this appendix we sketch the construction of the gl(2|1)-symmetric transfer matrix, from which the Hamiltonian (1) is obtained, and the derivation of the NLIE (10)- (12). Let V (α) be the module of the 4-dimensional irrep of gl(2|1), labeled by the parameter α. For α = 0, this is the three-dimensional fundamental irrep. Following [16, 25] , we define matrices
, where the first (second) space is referred to as "auxiliary" ("quantum") space. These matrices satisfy the graded Yang-Baxter-Equation
Here a grading is assigned to the basis vectors through the parity function p,
is written as a sum of projectors,
, where p(v) = 1/2+v/(α+α ′ +2), q(v) = −1/2+v/(α+α ′ ) andP 1 ,P 3 are projectors from V (α) ⊗V (α ′ ) onto gl(2|1) modules with highest weights (0, 0|α + α ′ ) and (−1, −1|α + α ′ + 2) respectively. They are given explicitly in [16, 25] . Note that R (α,α ′ ) (v) R (α ′ ,α) (−v) = 1. Furthermore, consider the set of matrices
which also satisfy a YBE. From R and R, monodromy matrices T and T are constructed by multiplying (L + 1)-many R-matrices in auxiliary space,
where indices a (ν = 0, . . . , L) refer to the auxiliary (quantum) spaces. Note that the quantum space of the last factor (impurity) carries a representation different from that in the host, α i = α h . For the model (1), one chooses α i = 0, α h ≡ α. A shift by iu 0 of the spectral parameter is allowed on the impurity site. By taking the supertrace over the auxiliary spaces of T, T , one obtains the transfer matrices τ, τ , giving rise to the Hamiltonian H,
One is free to choose the multiplicative constant in the definition of H by scaling u. Here, we take D(α h +1) as a common prefactor, where D is a bandwidth parameter. External fields µ, h are included by twisted boundary conditions of the quantum spaces, for details on the calculation of H, see [9] . Consider the quantum transfer matrix τ
(Q)
i,h pertaining to the impurity/host sites, [9] , with Trotter number N . The free energy contributions of the impurity and host are given by the largest eigenvalue Λ max i,h of the QTM in the limit of infinite Trotter number,
All eigenvalues of τ
i,h can be found by ABA-techniques similar to [8, 15, 16] , so that we do not repeat the calculation here. The result is
The vacuum expectation values are 
c(±∞) = e 2βµ 1 + e β(µ+h/2) + e β(µ−h/2) .
where we have defined the dressed energy terms
For the explicit calculation of v c,s in certain limiting cases in the range of Λ b,c , one may use WienerHopf techniques; this has been done for α i = α h = 0 [28] and α h = 0, α i = 0 [8] . The calculations of this appendix also apply to the Dβ ≫ 1-behavior of f i , if u 0 = 0. This demonstrates that the shift u 0 ∼ ln D induces a new energy scale which energetically separates charge from spin excitations.
